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CFT exercises for the needs of AGT 



Andrei Mironovf Sergey Mironov} 1 Alexei Morozov' and Andrey Morozov** 

An explicit check of the AGT relation between the W^v-symmetry controlled conformal blocks and U (N) 
Nekrasov functions requires knowledge of the Shapovalov matrix and various triple correlators for VK-algebra 
descendants. We collect simplest expressions of this type for N = 3 and for the two lowest descendant levels, 
together with the detailed derivations, which can be now computerized and used in more general studies of 
conformal blocks and AGT relations at higher levels. 

: 

o 

1 Introduction 

<N ; 

Two-dimensional conformal field theory pQ- [2] has a long and glorious history [3]- [II]- It has a number of 
direct applications in solid state physics and group theory. As an explicitly solvable example, it is the basis 
■ of our understanding of quantum field theory. It captures the main algebro-geometric structures, relevant for 

description of strings. It serves as a dream-model for any other branch of theoretical physics, setting the quality 
level for any self-consistent description "from the first principles". Still, the most beautiful parts of conformal 
field theory remain poorly demanded by modern theory. A remarkable exception is a recent suggestion |15j to 
expand the conformal blocks of Liouville and affine Toda models [16] in series over Nekrasov functions [17] . This 
AGT relation should be an adequate description for expansion of Fateev-Dotsenko screening-charge integrals 
in powers of cv-parameters, which is known to produce integrals very much resembling those which were nicely 
expanded in [17] in sums over Young diagrams and further related to various issues in representation theory 
. and Hurwitz-Kontsevich models [TH] . However, the study of the AGT relations [T51 [HJ1 [201 HI] is surprisingly 

slowed down by the lack of the relevant formulas in CFT textbooks, and this is the goal of the present paper 
£SJ . to list some of them. 

The main point of our interest here is the conformal block. If the structure constants of conformal model 
are known, one can recursively calculate conformal blocks level by level, exploiting the conformal symmetry 
with the standard procedure of [21 El [14] . Sometimes it is more effective to use recurrent relations suggested 
. in various forms in [31 [H H3J. We, however, follow the third way, close in spirit to that of [TUJ, 111) . That is, 

we construct the conformal block from triple vertices and the inverse of the Shapovalov matrix. Therefore, our 
main goal in this paper is to derive and double-check the simplest expressions for the Virasoro and M^-algebra 
triple correlators (they are frame-boxed in the text), which are used for constructing the 4-point conformal 
blocks, in particular, in AGT studies in [19] and especially in [21]. Note that more triple vertices are needed 
for calculation of multi-point conformal blocks already at level two, but we do not discuss here. 
• i-H . While the Virasoro conformal blocks are well studied, formulas for the W3-algebra conformal blocks are less 

available in literature, moreover, in contrast with the Virasoro case, we are not aware of any general formulas 
for triple vertices in this case. Therefore, we are mostly interested in this latter, more involved case. Still, since 
the methods used and a part of answers should be well known to experts, we organized the text into a simple 
pedagogical review, which can be used by newcomers for further advances in the field. 

We begin with the model of 2d massless free fields as a main prototype of generic 2d conformal theory. 
All chiral (holomorphic) correlators in this model can be immediately calculated with the help of the Wick 
theorem. Since this is enough for our purposes we consider only correlators on the sphere, though generalization 
to arbitrary Riemann surfaces is straightforward |12j . Any general relation between correlators can easily be 
checked by explicit calculation of both sides in the free field model. After that we consider generic decomposition 
of conformal blocks into triple vertices of two kinds and inverse Shapovalov form and derive various recursive 
relations between triple vertices with different number of descendants. Then some of these relations are explicitly 
checked in the model of free fields. Finally we make a summary of recursion relations, needed for the study of 
AGT conjecture in [El EI], including partial restriction to special states in the case of a theory with chiral 
algebra (of which the model of two free fields is an example) . 
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Fi gUX6 1; Calculation of commutator by contours-interchange procedure. 

2 Ordinary free field with c = 1 

The massless free field model in 2 dimensions is denned by the action | J d<fid(f>d 2 z, but for our purposes it 
is more convenient to define it directly with the help of the Wick theorem. We consider holomorphic (chiral) 
correlators, and they arc defined as sums over all possible pairings of fields cf> at different points with the simple 
formulas for propagators: 

< <P{Zl)<t>(Z2) > = logOl - Z 2 ), 

< d<f){z 1 )(j){z2) > = —, < (j){z 1 )d(j)(z2) > 
< d(j)(z 1 )d(j)(z2) > = 

z \2 



I 

Z\2 



(1) 



Here Zij = Z{ — Zj . By definition the normal ordering means that all pairings of operators in between colons 
are omitted in application of the Wick theorem. Average of a normal ordered operator is equal to its constant 
(^-independent) item. In particular 



n ? o° = n zip % n ° => i n ? ° 



(n*r'V*(5>-^) 



. (2) 

The delta-function factor at the r.h.s. can be interpreted as arising from the zero-mode integration in functional 
integral, however we simply introduce it as a peculiar selection rule, specific for the free field model. Let us 



begin with the case when Q = 



Then the stress tensor is the operator 

f 



T(z)^ o °(30) 2 (z) o ° (3) 



and it obeys 



T( Z1 )T(Z2) = -V + 4- o° dtKziWfa) g= + \t{z2) + —dT(z 2 ) + TirfW °° ^ + V^(z 2 ) o 
iz 12 z 12 zz 12 z 12 z 12 k> ^(it + Z)\ 



(4) 

i.e. the central charge c is equal to 1 in this case. Its constituents (Virasoro operators L&) act on the exponentials 
as follows: 

T{z x ) ° e a ^ g = Y g (L k e a ^) (z 2 ) g = ^- ° e a ^ g + — g ad^Zx) e a ^ g + g T(«i)e a *<* a > g 

(5) 

As a consequence of (U), Virasoro operators form the Virasoro Lie algebra, with commutation relations 

[L m , L n ] = TO< ~ m i2 — — 5„ +mi0 + (m - n)L n+m (6) 
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It can be derived as follows: if one acts on operators at some point 23, then, by definition of Lk in ([5]) 

[L m ,L n ] = (f z^ +l T{z 1 )dz 1 <f z^+ 1 T(z 2 )dz 2 - I z^T^dzt I z™ +1 T(z 2 )dz 2 (7) 

Jz 2 + z 3 J z 3 J Z2+Z3 J 23 

where the integration contour for the second-acting operator encircles that for the first-acting one. If now 
pushing one contour through the other in the first item, one gets (see Fig|T]) 

z^Tiz^dz! & z™ +1 T(z 2 )dz 2 ) + 



[L m ,L»] =(<f «J»+ 1 T(*i)£fai I z^+ 1 T{z 2 )dz 2 - <f z^Tiz^dz! I 

\J Z 3 J Z1+Z3 J Z2+Z3 J z. 



23 

Z3 



+ j> z^ x T(z 2 )dz 2 j> dz 1 z^ +1 T{z 1 )dz 1 = \j> dz 2 j> dzt (z™ +1 z 2 " 3 +1 - zR 1 ^ 1 ) T( Zl )T(z 2 ) = (8) 

1 , 2T(z 2 ) dT(z 2 ) 
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Z3 J Z 2 'J23 J Z! 



- (p dz 2 (f> dz\ (z"g +1 z. 

2 Jza Jz 2 



m+1 _ n+1 m+l\ 

23 z 13 ^23 i 



z 12 Z 12 Z 12 



where the very first bracket vanishes (it is enough to interchange notation for integration variables Z\ «-> z 2 in 
one of the items to see this) , while the second integral picks up only contributions from the terms of ((4} which 
are singular in Z\ 2 . It is more convenient to rewrite it as a one-half of the antisymmetrized expression. The 
r.h.s. of ([6]) is now an immediate result of Z\ integration. 

3 Free field with 1 

A slight modification of the free-field theory allows one to make Q 7^ in @ . It involves a deformation of the 
stress tensor 

T(z) ee I g (c^) 2 (z) g +Q8 2 cb(z) (9) 



which now obeys 



rpf m s 1 ~ 12Q 2 1 on d^y-d£z2) 1 

T{z 1 )T{z 2 ) = — + 2Q 3 h — 5 d^(z 1 )d^{z 2 ) 



-12 



and its action on the exponentials is also modified: 



(10) 



T{zi) g e Q ^ g = Q( " 9 2Q) g e a ^ g +— o° ad<l>(z 1 )e a ** a '> g + g r(zi)e a *< 2a > g = 
2zf 2 Z12 

= ^'^l 2 '^ o° e^ (z2) o° +— o° (de^) (z 2 ) g + g f ffl! + (a + Q)5 2 ^ e^(^) S + (11) 

^ k fd k T ad k +^ \ Q0 



fc>0 

Relation between the shifts of the selection rule 



a * = 2( 5 



(12) 



by the "vacuum charge" 2Q and the "improvement" of the stress tensor is dictated by the requirement that the 
double correlator 

o ai<p(zi) o o a-24>{zi) o\ _ Q1Q2 _ ~ 2z ^ Q l (io\ 
o c o o £ / — ^12 — 12 V J 

is expressed in terms of the common dimension A Ql = {BlzzSl ~Q _ (a 2 -Q) -Q _ Q ^ two exponential 
operators. Note that the vacuum charge operator g e _2( ^ g has a non-vanishing dimension. 
Virasoro algebra is also deformed to 

1 — 12Q 2 

[L m , L n ] = — m(m 2 - l)5 OT+ni0 + (m - n)L n+m (14) 

Unfortunately, there is no conventional choice of normalizations in the free field models of CFT. The two 
popular alternatives to above version include multiplying by i: (f> — > i<j>, a — ► ia, and/or multiplication by 
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\/2: a — ► s/2a and Q — ► v2Q (4> is left intact in this case, and a peculiar parameter D — > 8D below). In 
CFT studies per se our present normalization is more convenient, because it allows one to avoid extra factor of 
v2 in most formulas. However, physically normalization with roots is more relevant, and it is usually used in 
application of CFT to other branches of theory. In particular, with our present normalization a factor of v2 
would appear in the AGT relation, Q = ev2, hence the other choice made in the AGT-oriented papers [l9j and 
[21] . Instead, there will be v2 in exponentials for the primary field. 

For good or for bad, in this paper we stay with the choice, described by the formulas in this section. 



4 Decomposition of correlators in the free-field model 

A four-point correlator can be evaluated in two different ways: either directly or by double application of 
operator expansion. For example, 

Wzx) dftzt) d<Kzs) dftzt)) = ' ' 1 ^ "»""■'■"' 



1 



/y 2 2 ~ 2 *y 2 ~ 2 ~ _ 

z 12 z 34 z 13 z 24 z 14 z 23 

\ 

1 

+ 



-l.2-.il Z 24 | fl I £12. _ Z34 A 2 / J , £12 A 2 /'j _ £34 ^ 

Z24 Z24 / \ 224 /1 Z24 



(15) 



1 / 4zi2 4z 34 6z 2 2 10zi 2 z 34 6z| 4 



2 2 4 ( ^ 1 2 2 1 

Z 12 Z 34 Z 24 \ Z 24 z 24 z 24 Z 24 Z V. 



At the same time 

50(z 2 ) 90(z 3 ) 90(z 4 )) = ((a0(«i) 50(z 2 )) (a0(z 3 ) 90(z 4 ; 



4- + o° d^{z 2 ) %] ( 4- + S d<H z 3 ) d0(z 4 ) § 
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1 1 z 12 z 34 /o \ o o oi + 1 jqj/ \ o\ Wick theorem (16) 

2^ -nyr (° <9 + <W(z 2 ) S S d l + ^d(j){Z4) o) 



il2 "34 fcJ>0 



1 V- z i2 z 34 (* + ' + 1)! + (fc + + 1)! 



E 



Similarly 



12 34 k,l>0 24 



„«ll)i(zi) O O Q20(Z2) O O a3<fi(zs) O O Q40(Z4) o\ Oi«2 0103 ,«1«4 ,02«3 ,02d4 0304 

o e o o e o o e o o e c 

_ 7 ai«2 7 a304 7 («i+^)(a3+«4) / -, , flA . . _ . . . , . _ 

_ Zl2 Z34 Z24 \ z 2 J I .0 J I 1 + *„ J - ' ' ! 

ai«2 ,"304 (ai+<J2)(«3+a4) ( -| 

— z 12 z 34 z 24 



z 12 


z 13 z 14 


z 23 z 24 


^34 ^ 




z 12 z 34 


Z 2 4 ) 


Z24 Z24 


Z24 


- a 3 (ai + 


^ z 34 

a 2 ) — 

z 24 



and 



o a 1 <p(z 1 ) o o a2cf>(z 2 ) o o a 3 <j>(z 3 ) o o a 4 0(z 4 ) o\ _ Qia 2 a 3 Q 4 a ai</>(zi)+a 2 0(z 2 ) o o a30(z 3 )+a40(z 4 ) 
o ooL- oo c oo c / — 34 \ 



-12 ^"34 



g (l + z 12ai d4> + ^ ((ai90) 2 + ai9 2 0) + . . . J e( Ql + Q2 ^(z 2 ) 



° (l + Z34«3^ + ^ ((«3^) 2 + a 3 9 2 0) + . . . ) e( Q3+ ^^(z 4 ) = 
= z^ 2 zT^24 +a2)(a3+ai) fl +«i(«3 + "4)— - a 3 (ai + a 2 )— + . 

\ z 24 z 24 

(18) 

In generic CFT model there is no direct way to find the multi-point correlators, thus only the second path 
remains: decomposition by iterations of operator expansions. This procedure expresses an arbitrary correlator 
through the structure constants of operator expansion and pair correlators, or, which is the same, through triple 
and pair correlators. However in this way correlators are represented by infinite sums over intermediate states, 
thus the knowledge of generic formulas for triple and pair correlators is desirable. 
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5 Decomposition of the four-point function. General case 

Holomorphic conformal field theory is a straightforward generalization of the free field model, where the Wick 
theorem is substituted by the operator product expansion and a selection rule is released. The notion of 
correlators is substituted by two: one linear and one bilinear form on the space of operators. Virasoro algebra 
is imposed as a special Hcrmiticity requirement on the bilinear form. In full conformal theory there are also 
additional rules, allowing to glue holomorphic and antiholomorphic parts into globally define modular invariant 
correlators, but we do not address this artful and sophisticated part of the story in the present text. 

Operator product expansion is a product in an associative ring of vertex operators 

V 1 (z 1 )V 2 (z 2 ) = J2 a^La^ ) (19) 

Z 12 

Then application of the linear form, which we refer to as a holomorphic correlator and denote by angular 
brackets, gives 

(V 1 (z 1 )V 2 (z 2 )V^(z i )) = £ Al+ £_ A . (Vp{z 2 )V^ Zi )) (20) 

Z 12 

and 

(V x {z x )V 2 {z 2 )V 3 {zMz A )) = ((y 1 (z 1 )V 2 (z 2 )) (v 3 {z 3 )V 4 {z 4 ))) = A 1+ A 2 -lfi 4 3+ A,-A, (V (Z2)V,(Z 4 )) 

j z \1 z 34 

(21) 

The first of these relations is manifestly given by the holomorphic part of correlator in full conformal field theory 
and can be used to express the structure constants C through triple and pair correlators (hereafter, for the sake 
of brevity, we call holomorphic correlators merely as correlators), which can then be substituted into the second 
relation to provide a desired formula for the four-point correlator. 

Alternative representation arises if one stops at decomposing only the product of the first two operators: 

(ViiziWMVMVtfa)) = (tei)^)) V 3 (z 3 )V 4 (z 4 )\ = ^l_^f/cf 2 (v $ (z 2 )V 3 (z 3 )V 4 (z 4 )\ 

Zl2 

(22) 

This expression can be considerably simplified by an artful choice of points z,:. Putting z\ = 1, z 2 = and 
z 4 = co, we get rid of the z-dependence in (f20"|) : 

(Vi(l)V a (0)^(oo)) =J2 C i2 (^(O)V^M) (23) 

d 

Similarly, putting z\ — x, — and 23 = 1 and 2:4 = 00, we obtain from (|22p Fl 

(Vi(s)V a (Q)V&(l)Vk(oo)) ^ X - A ^J2^^ 2 (v (O)V 3 (l)V 4 (^)) (24) 



Let us now introduce a scalar product in the space of vertex operators, and define the Shapovalov matrix 

H & ~0= (v & \Vp) (25) 

To make it well defined we assume that operators in the product are taken at a certain point, which we put at 
z = 0, then H & a is just a c-number matrix. We specify other requirements for this scalar product later, in sO 
in particular they would imply that Shapovalov matrix has a block-diagonal form, 

A^A^ =► H &0 = O (26) 

The blocks of the Shapovalov matrix are often finite-dimensional, then the matrix can be easily inverted. If one 
takes the scalar product of (fTi?]) at Z\ = 1 and z 2 = with V&, 

r 12;a = 04|V4(1)F 2 (0)) ® J2C? 2 (v & \Vp)=J2c! 2 H & (27) 

$ 



^^Note that the correlators at both sides of 12411 behave in the same way, as A" 2 ^ 4 , when the argument A of V 4 (A) tends to 
infinity. One can multiply both sides of the equation by A 2 ^ 4 and then take the limit, to make correlators well defined. The same 
concerns (123 b . only the correction factor is A 2Ai ». 
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this allows us to express the structure constants in the form 



If one now introduces a similar notation for the 3-point function in (|23p , 

T/534 = (^(0)^ 3 (l)^4(oo) 

then one obtains from 



K 12U (x) = {V 1 (x)V 2 (O)V 3 (l)V i (o O ))=x-^ +A ^Y / xA&f ^AH- 1 r T $M 



(28) 



(29) 



(30) 



Note that, though denoted similarly, f and T are defined in absolutely different ways and have not much to 
do with each other, at least, a priori. However, if Virasoro symmetry is taken into account, these two 3-point 
functions become rather similar. 



6 Virasoro representations 

The Virasoro symmetry of conformal field theory allows one to classify vertex operators in terms of the Virasoro 
representation theory. Each V& belongs to some Verma module, i.e. is obtained by the action of Virasoro 
operators L n with n < on the highest weight, called primary field in the context of CFT: 



V & 



L- kl V a =\{V! k k V a = L_ Y V a 



(31) 



where Y is a Young diagram or an ordered integer partition Y — {k\ > k% > • • •} of size \Y\ = k\ + k% + . . .. 
Accordingly, a — (a,Y) where a labels different primary fields (primaries) and Y - different descendants. The 
Virasoro symmetry fixes completely all the Y dependence of correlators. Different conformal models differ by 
sets of primaries and by way the correlators depend on a. A big part of conformal field theory studies is devoted 
to degenerations of Verma modules, that is, the cases when there exist null-vectors (which is a feature of rational 
conformal models). We do not touch these issues in the paper. 

The main requirement to the scalar product (I25|) is that it is consistent with the Virasoro symmetry in the 
following sense: 



L- n V & \V, 



V a \L n Vn 



■n ' (St 1 * 1 — \ vct^n y 

i.e. Virasoro operators are Hermitean. Accordingly, for the T function one has 

{L- n V & I Vi(l)V 2 (0)) = (v & f x^'^dxT^Viil^))) = 



0+1 



C TI>-\- S — 1 J 

s {V & I (L k Vr)(l) V 2 (0)) + f - fr+s X (V & I Vt(l) (L k V 2 )(0)} 
1 \ x ~ L ) Jo 



(32) 



(33) 



x 



where integration contours encircles both points z — and z = 1 and s = 2 for the Virasoro algebra. Using 
operator product expansion of the stress tensor and vertex operators one can now express r 12; ( Q y) through 

Tl2;a- 

In a similar way, one can express 1^ -^)34 through 1^34, using the property that, if inserted into a 3-point 
function, the stress tensor has singularities only in the vicinity of the three vertex operators: 



f alx 

((L_nVa)(0) V 3 {l)V 4 (oo)) = <k ——ri {T(x)V & (0)V 3 (l)V4oo)) = 

Jo x 



dx 



(V4(0) (L k V 3 )(l) V 4 (oc)) +(-)« 



„fe-f 



dx 



(34) 



T (V & (0) V 3 (l) (L k V 4 )(oo)} 



The last integrals both in (]33|) and (I34|) pick up the contributions from k = n only, the first integrals can contain 
several terms. If Vi, V 2 , V3 and V4 are primaries as we assume everywhere below in this text, then 



ri2;(a,Y) — 712:q(^)Ci2:q, 
r(/3,y)34 = 7/334(^)C/334) 



(35) 
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where Ci2 ;Q = f i2 ; ( Q ,o) = C^Hup, and similarly for Cp^i- The Shapovalov matrix is usually defined so that 
H a p = <5q/3, then Ci2- a — C?2 (it is also usually put equal to C a i2). 

In fact, for the Virasoro algebra the two 3-point functions 7 are well known to be equivalent, 



but this property does not persist for more complicated chiral algebras, see below. 
For two primaries V a and Vp, the Shapovalov matrix 

ff(a,n(/J,y) = (L-YV a \L- Y ,Vf,) = (V a \L Y L- Y iVp) = 5 m ,\Y>\Q a p{Y,Y')H a p 
vanishes for \Y\ ^ \Y'\ because primaries are annihilated by positive Virasoro generators, 

L n V a = for n > 

This ^-factor is an exact version of (|26|) which we use in this paper. 
In result, we get for the holomorphic 4-point function pop 



K 12M (x) = (^(^^^^(^^(oo)) =x-( Al+A2 )^x A -f 12;<i (i7- 1 )' i %3 4 



= a; -(A 1+ A 2 



where the conformal block 



B 



?L(Y\x)= * m i^AY)Q-l(YX)lMY') 

\Y\ = \Y'\ 



(36) 

(37) 
(38) 



(39) 



(40) 



7 Extended conformal algebra 

Some models which have (in) finitely many Virasoro primaries can possess extended loop symmetries which 
control, partly or fully, the dependence on (in)finitely many remaining indices a that labels Virasoro primaries. 
Such a symmetry is called extended conformal or chiral algebra, and Virasoro is always a part of it, but the 
conformal algebra can be larger. A well known example is the current algebra in WZNW model, but we 
need something a little more involved, since, e.g., the theory of r free fields is not fully controlled by Virasoro 
symmetry, the relevant chiral algebra is W r +i. 

Given a chiral algebra, one can introduce the corresponding primaries. A single Verma module of extended 
chiral algebra may contain infinitely many Virasoro primaries and the new conformal blocks are then sums of 
infinitely many Virasoro conformal blocks^ Elements of Verma module are now labeled by generalized Young 
diagrams y, which depend on particular choice of the algebra. Many formulas from s(S]) remain the same, if 
operators L are substituted by the generators of the chiral algebra, Y is substituted by y and gradation s is 
changed appropriately in (|33[) and (|34[) . Important difference, however, is that the chiral algebra is typically not 
sufficient to reduce all correlators to those of primaries alone. Unless some additional restrictions are imposed, 
the input from concrete conformal model should include, say, all triple vertices of the form ((W^Vq) V1V2) in 
the case of the W3 algebra. Therefore the analogue (|3"6"|) can not be even written down in this form and both 
vertices f and T should be evaluated separately. 



8 Examples of 3-point functions 

8.1 f-type vertices 

8.1.1 Virasoro generators, eq. (|33p 

For primary V± and for s = 2 we get from (1331) : 

( L-nVa I Vi(l)F 2 (0)) = (n+ l)Ai (V & \ ^(1)^(0)) + (v & \ V 2 (0)) + (v & \ V^l) (L n V 2 )(0) ) 
" " (41) 

2 In fact, in most conformal models, physical correlators are sums of bilinear combinations of holomorphic and antiholomorphic 
conformal blocks, i.e. there is no one-to-one correspondence between the conformal block and the correlator. This means the sum 
of holomorphic conformal blocks makes no sense. An important story about relation between holomorphic and bilinear sums is 
provided by the theory of NSR and heterotic superstrings and GSO projection |22II23| . 
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To make formulas more readable we underlined the entries, where the Virasoro operators act on the vertex 
operators. 

If V\ is not a primary, one adds more terms at the r.h.s.: 



L-nVg I Vi(l)V 2 (0)) =J2 



(n + 1)! 



fc>0 



(k + l)\(n-k)\ 



V & | (L fc Vi)(l) V 2 {0)) + 



+(n+l)Ai (V a | Vi(l)V 2 (0)) + (v a | (L_iVi)(l) V 2 (0)) + (v* | Vi(l) (L n V 2 )(0) ) 

which, however, vanish at n = 0. 

If V 2 is a primary, then for all n > one has L n V2 =0 and then it follows from (|4"Tj) that 

(l4 | (W^Kl) V a (0)) = (A« - Ax - A 2 ) (V a | ^(1)^(0)) 



(42) 



and 



L-nV& I V 1 (1)V 2 (0)) = (a* + nA 1 - A 2 ) (F a | Fi(l)F 2 (0)) , 



n > 



(43) 



(44) 



where we also used that LqV & — A a Va and LqV 2 = A 2 V 2 . Note that (|4"3"|) remains valid when Vi is not obligatory 
a primary, while this is not true for (|44]) . Note also that there were no restrictions on V a in (|44[> . in particular, 
V a does not need to be a primary. If V a = L-yV a , then 



Aq, = A Q + y 



and one obtains from ([44]) for Y = {fci > k 2 > . . . and Ly = . . . L_t- 2 ■ ■ ■ -k-fci 



L_ y V4 | Vi(l)7 2 (0)) = <V„ | Vi(l)V 2 (0)) n( A « + ^ A i~ A 2+E fc j)' 



(45) 



(46) 



which has been recently used in the check of the U(2) AGT relation in [19] . 
8.1.2 VF (3) generators, eq. (f33|) 

Similarly, for the W( 3 )-generator with s = 3 and primaries Vj. and V 2 eq. (j33|) implies 

W-„Vfc | 14(1)^(0)) = (n + 2 ; (n + 1) ^i (Va | ^(1)^(0)) + (n + 2) (v a | (W_iVi)(l) V 2 (0) 



+ (Va | (W- 2 Vi)(l) V 2 (0)) + (Va | Vi(l) 
This time one can exclude (W- 2 Vi), 

(Va| (W- 2 Vi)(l) V 2 (0)) = (t&a-wi-tito) (Valval) V 2 (0)) - 2 (vk Kty-iVi)^) tfr (()))■ 
from this system: 



(47) 



W^ n V & \Vx(l) V 2 (0) 



^_ + n(n + 3) wi _ w2 , Va(0)) +„/y 4 |(w_ 1 V 1 )(l) V 2 (0) 



One can also express the r.h.s. through W-\V 2 instead of W-{V\\ 



(48) 



n> 



(49) 



V- n Va lVi(l) V 2 (0)) =(n + l)(wa + |u;i-w 2 )(Va|Vi(l) 7 2 (0)) +nfa[Vi(l) (W-iV a )(0) ), n>0 

(50) 

Here we made use of relation 



W-tVu lViQ.) V 2 (0)) = (wz-wt-w^ (Va|Vl(l) 7 a (0)) + (v a |Vi(l) (pK-ij^)(0) 



(51) 



The difference with the Virasoro case is that there are now two structures at the r.h.s. 

In fact, things are even more complicated. Indeed, eqs. (|49|) and (|50|) are written in a somewhat symbolical 



form which has a direct meaning only for the primary V a . Otherwise, what is denoted by w a V a = WoV a is 
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not proportional to V & : this is why we put a hat over w&. For example, already for the very first descendants 
L—\V a and W-xV a 

w a ,L- 1 L- l V a = W (L^V a ) = w a (L^V a ) + 2(W-!V a ), 

9D ( 52 ) 
WaW-iW-iVa = W (W^V a ) = w a (W-iV a ) + —{L_ x V a ) 



are combinations of two different descendants (for the definition of D see (jllll) and (|112[) below). This makes 
it more difficult to write down for (|4"9")l a unified iteration formula like (|4"6"|) . 

If Vi and/or 14 are not primaries, then additional terms should be kept in (1471) . We give just one example 
of a full formula, where neither V& , nor V\ , nor V% are assumed to be primaries: 



W-iVa |Vi(l) 14(0)) = (WoV&\ Vi(l) 14(0)) +2(y & \ {W Q V 1 )(l) y 2 (0)) - (ValVi(l) (WbVa)(0) 

v r a|(VK_iVi)(i) 14(0)) + (t4|(vkiVi)(i) 14(o)\ + (WiVbXo) 



. . (53) 

For three primaries the three terms in the first line combine into w a + 2wi — u> 2 and the two last terms in the 
second line disappear, thus reproducing (|49[) with n = 1. 

8.2 T-type vertices 

8.2.1 Virasoro generators, eq.(|34p 

For primaries 14 and V4 and for s — 2 one gets from (|34l) 

'(L_ B V a )(0) 14(l)14(oo)) = (n- 1)A 3 (14(0) ^3(1)^(00)) - (v & (0) (L^V 3 )(1) V 4 (oo) 

+ (v&(0) 14(1) £-»y 4 (oo) ) 



(54) 



Taking n > and excluding 

V 4 (0) (£-i!4)(l) V4M 



a 3 - a 4 (\4)(o) 14(1) 14(00)) 



from the resulting system, one obtains 



(L_ n Va)(0) y 3 (l)14(oo) 



A« + nA 3 - A 4 (14(0) 1^(1)14(00)) , 



n > 



i.e. exactly the same relation as (|44[) . Therefore, one also has 



(L- Y V a )(0) V 3 (1)Va(oo)) =(^(0)^(1)14(00)) JJ (A Q + kiA 3 - A 4 + £ ^ 



71 > 



(55) 



(56) 



(57) 



and this validates the relation (f3"6")l for the Virasoro chiral algebra. Moreover, it follows from (|54|) with n < 
and that 



(V 4 (0) %(1) £-»14(oo) ) = (A 4 + nA 3 - A a ) (F a (0) 7 3 (1) f 4 (oo)) , n > 0, 



(58) 



Note that signs in the similar equations (|43|) and (f55|) are different. Like (I43p . cq. ([55|) (but not (|56p remains 
true when V% is any descendant, not only a primary. 

8.2.2 generators, eq. (f34|) 

Similarly, for Vl4 3 ) -generator and primary 14 and 14, eq. ([M|) with s = 3 implies that 

(n-2)(n- 1) 



(W-^XO) 14(l)14(oo) 



■^3 (V a (0) V 3 (l)Vk(oo)) + 



+(n - 2) (v ft (Q) (W_iV a )(l) 14(oo)) - (v a (0) (VK_ 2 ^ 3 )(1) F 4 (oo)) - (v & (0) V 3 (l) (gWXoo) ) 
Excluding (W_ 2 F 3 ), 

V a (0) (W / -2l / 3 )(l) 14M) = -(«>« + w 3 + «; 4 ) (14(0) 14(1)1^(00)) -2(l4(0) (iy_ 1 F 3 )(l) 14(00) 



(59) 



(60) 



from this system with n > 0, one obtains 



(W-nVa)(0) 14(1) F 4 (oo)) = (wa - ^ 3) w 3 +^ (14(0) V&Cl) 14(oo)) 
+n (V 4 (0) (g^Kl) 14(oc)) , n > 



(61) 



(62) 



Again one can express the r.h.s. through WL1V4 instead of WL1V3: 

( V-„14)(0) 7 3 (1) 14(oo)) (n + 1) (w & - ^w 3 + w 4 ) 04(0) 7 3 (l)F 4 (oo)) - 

-n (l4(0) y 3 (l) (W^i^Koo)) , n > 0, 
this time with the help of 

V a (0) (W^V 3 )(l) F 4 (oo)) = (t& 4 - 2 W3 + «*) (V*(0) V 3 (l)V 4 (oo)) - (v & (0) V 3 (l) (W-^joo) ) (63) 



Comparison with (j4"5|) and ([50]) shows that there is no clear substitute of the relation (|3"6"1) , which holds in the 
simple form only for the Virasoro descendants. Note also that if one uses (|59|) to express (W_ n 14) for n > 0, 
one obtains 



14(0) V3(l) (W4_„V 4 )(oo) 



^4 - n(n o +3) ^ 3 + w & ) (V & (0) 7 8 (l)^(oo)) 



-n (Vfc(0) (W-iV3)(l) ^4(00)) , 71 > 



(64) 



which is very close, though still different from (I49| . 

The counterpart of eq. (I53j) for three generic (not obligatory primary) operators is now 

( W-iV & )(0) V 3 (l) 14(0)) = ( (W o V & )(0) Va(l) F 4 (0)) + <V a (0) (W V r 3 )(l) *4(0) 
14(0) 14(1) (W V±)(0)) +(V & (0) (W-iV 3 )(l) 14(0) \ - (l4(0) 14(1) (WiVk)(0) 



(65) 



For three primaries, the three terms in the first line combine into w a + w 3 + W4 and the very last term in the 
second line disappears, thus reproducing ()61|) with 77 = 1. Note that, in variance with (|53p . there is no term 
(14(0) (Wil4)(l) ^4(0)) i n the second line of ([65|) : this is specifics of our restriction to n = 1 in this example. 



9 Example of free field calculation 

Now we repeat the somewhat abstract calculations of the previous sections in the model of free fields, where 
all operators can be explicitly defined and their correlators can be explicitly calculated. This would help to 
illustrate formulas and also to check that they are correct. We also restrict consideration to particular correlators 
with VF-operator found above. Since we did not go beyond the algebra, we need to consider only two free 
fields at most. Our final restriction is to the case of the central charge c = 2, i.e. Q = 0: formulas are somewhat 
lengthy even in this case and overloading them further would jeopardize their use for illustrative purposes. An 
arbitrary Q appears only in our illustrations of correlators of Virasoro-descendants with a single free field. All 
generalizations are absolutely straightforward. 

9.1 Decomposition rule (I24h 

Let us begin from eq. ([24l . The starting statement is that for d\ + &i + a 3 + a 4 = the correlator 



"M- /; o o e 5 2 0(O) o o e 5 3 0(l) o o ^(oo) _ (1 _ ar)** = 1 - {dlU 3 )x + i^l^K^l^ 12 ^ 



can also be decomposed with the help of (fTO)) as 

'o Si$(x)+S 2 $(0) o o a 3 $(l) o o a 4 t?(°o) o\ a (5i+5 2 )<?(0) o o a 3 <f>(l) o o a 4 </>(oo) o\ , 

ooC ooC o l — U c ooC ooC o/i 

2 



(66) 



(67) 



10 



and further expanded in the Virasoro/V7-algebra-related basis 



' o Si4>(x)+a 2 4>(0) o o 3 3 <f>(l) o o 5 4 0(oo) 



/~ia / o (cfi+a 2 )0(O) o o _a 3 0(l) ° o 
aia 2 \ ° e o o oo 



,ai0(oo) o 



+x 2 < 



^q,L_i / ( T o (<5i+<3 2 )0(O) o\ o ,,a 3 0(l) o o S 4 0(oo) o\ , 
_|_ ^io,iy_i o e (<3l+<S2)<?(0) o^j o g Q 3 0(l) o o e (5 4 0(oo) _|_ 

r<a,L_2 I I T „ o „(<Si+<3 2 )<?(0) o\ o <3 3 c?(l) o o a 4 <?(oo) o\ , 



r ,a,L 2 _ 1 I / 2 o Ja 1 +S 2 )(P(0) o\ o p a 3 $(l) o o a 4 <?(oo) o\ , 
1 ^Q1Q2 \ 1 -^ — 1 o ^ o I o ^ o o a 1 \ 

sya,L_ x W- 1 I I j w o (<3i+<3 2 )<?(0) o\ o S 3 <?(1) o o 5 4 <?(oo) o 
^aia 2 \ \ 1 — 1 o L o I o £ oot; o 

+ ((W-2 o e (5l+52)<?(0) g) g e 53<?(1) g g e ^<?(oo) + 



ffrWtl I f w 2 o (5 1+ 5 2 )0(O) o\ o p 5 3 0(l) o o 
t OajQa I I o C oloc oo 



J (5 4 0(oo) o 



(68) 



Our goal in this section is to show in detail how these two expansions match each other. This is important 
because free fields provide a rare example when not only the second expansion (|68p can be explicitly written 
down, but also the first one, (|66|) is known, and one can see how sophisticated formula ([68| manages to reproduce 
the simple answer (|66|) . order by order in the x expansion. 



9.1.1 The first-level term in the case of a single free field with c = 1 

It is very simple to deal with the first-level term in the case when there is just a single field 0: then only the 
underlined terms contribute in (j6"8|) , and, since 

(69) 



( ai d(f))e^ +a2 ^(Q) = ai (de^+^A (0) 
ai + a 2 V / 

the structure constant in this case is simply 

rv-i 

^CK,Ofi+CK 2 ; 



Here there is a specific free field theory selection rule 

a = a,\ + o?2 



(70) 



(71) 



We now need to calculate the triple vertex 7c(a 3 a 4 (-^-l)- From the general formula for a triple correlator of 
primaries, 



(V(z)V 3 (z 3 )V 4 ( Zi )} 



it follows by taking z-derivative that 



1 



(z - Z 3 ) A + A 3- A 4(Z - Z 4 ) A + A 4-A 3z 



A+A 4 -A 3 A 3 +A 4 -A 



(72) 



((dV){z) V^Viizi)) = - (V(z)V 3 (z 3 )V 4 (z 4 )) 



:i4 



A + A-? - A 4 A + Aa - Ac 



z - z 3 



Z — Z 4 



z 4 -»oc A + A 3 — A 4 z=0, z 3 = l 

— ► {V(z)V 3 (z 3 )V 4 (z 4 )) — > 

z — z 3 

i.e., in nice accordance with 



A + A 3 - A 4 ) (V(z)V 3 (z 3 )V 4 (z 4 )) , 



laa 3 aA L -l) = A + A 3 - A 4 

Thus matching of the two sides of (|24|) in this very particular case implies that 



na 3 ^J2 c ^- l] ^ a3 aAL-i) = 



^A Q!1 4- Q2 



A, - A, 



(73) 



(74) 



(75) 



ai + 012 
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One now substitutes A Q = tj- and obtains 

(oi + q 2 ) 2 + a\-a\ (gg + q 4 ) 2 + Q 2 - aj , . / 7fi ^ 

A Ql+Q2 + A 3 - A 4 = = = a 3 (o!3 + a 4 ) I'OJ 

where at the first step the free field theory selection rule a.\ + a 2 + a.3 + a 4 = is used. Using this rule once 
again, one obtains that (|T5[) is indeed true. 

This is an example of explicit calculation, which checks general formulas for triple vertices. Note that during 
this check the details of the model were important, especially the selection (charge conservation) rules. This is 
because we explicitly calculated all the correlators, what is possible only in a given model with all its specific 
properties. The relations which we want to illustrate, like (|2"4"|) and l|44p are model-independent, therefore our 
consideration can only illustrate and validate them, but not prove. The proof (derivation) was given in the 
previous section, it is instead a little more abstract. 

Now we proceed to generalizations of this example. They go in three directions: to Q ^ 0, to higher 
descendant level (size of the Young diagram) and to several free fields and, hence, extended chiral algebras. We 
make only one step in each direction. 

9.1.2 The first-level term in the case of a single free field with 1 

This generalization is trivial. Nothing changes except for the formula for dimensions: A a = - — =s — — and the 
selection rule a + 03 + a 4 = 2Q. Note that the other selection rule, a — a± + a 2 remains intact. Then instead 
of ((75|) one gets 

(a 3 + a 4 - Qf + (a 3 - Q) 2 - (a 4 - Q) 2 - Q 2 



(77) 



A Q + A3 — A 4 = A 2Q _ Q3 _ Q4 + A 3 - A 4 } 

= 013(0:3 + a 4 — 2Q) — —aa 3 — — a 3 (ai + a 2 ), 
what after substitution into the r.h.s. of ([75)) makes it into identity. 

9.1.3 The second-level term in the case of a single free field with c = 1 

At this level, there are two independent operators £ {d(j)) 2 e a ^ I and ° d 2 (f>e a ^ ° We want, however, to use 
another basis for linear decomposition of level-two operators: that formed by L_ 2 ° ° and L 2 _ x ° e°"^ ° To 
use this basis, one needs to find out how I?_ x acts on ° e Q< ^ ° This follows from the operator product expansion 



T{x)(l. 



o „«0 o 
1 o 



(0) = X - % (d^) 2 (x) o° o o a50e Q ^(O) 



(78) 



- £3 o° e°*(0) o° + Q3 + 2 2Q o° 00e a *(O) ° + -° (d 2 ^ + a(fl0) 2 )e o, *(O) S + . . . 
Zx° Zx z x 

Picking up terms with various powers of x, one obtains that 

2 

LiL-x o c a( ^ o — o e a< ^ o — A a o e Q * ° 

LqL-X o° ° = o ^ e «0( O ) o = (Aq + l)L i o e a0 o (79) 

L\ % ° =o° (ad 2 cp + {ad^e^ ° = d 2 ° e a * ° 

i.e. L\V a has dimension A a + 1 and L 2 _ 1 acts on V a as a second derivative. Both conclusions are actually true 
not only for primaries, and not only for the free field model. We also know from ([5]) that 

i_ 2 ° e ^ ° § Q ° Q(90) 2 + ad 2 ^j e a< " ° (80) 

Coming back to (p7| . at the second level one represents 

l - («?(^) 2 + ai d 2 ^) = C£f- Q(90) 2 + ad 2 ^j + C a ai L k (ad 2 4> + « 2 (90) 2 ) (81) 

which means that 



0l -" ! l-2a 2 
o.l^j ai(2aia— 1) 



(82) 
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As the next step, one needs the corresponding triple vertices 7, which are 

T n oC'Si+'SaWO) o\ o p S 3 $(l) o o <3 4 0(oo) o\ _ f £^3 .^^A / ° (3i+a 2 )<?(0) o o 5 3 0(1) o o <3 4 <?(oo) o 
— 2 o C oj o t oo e o ^ — \ 2 ^3 ^ i \° ° ° oo e o 

(Yl^ S e ( 5 i + 5 2)^0) o^j o e 5 3 <?(l) o o e a 4 ,?(oo) = ^(q,^ _ a ^ e (a 1+ a 2 )«?(0) oo ^(1) o o ^$(00) 

(83) 

Now we have everything to check, using (|68[) . the matching condition between (ffir?)) and ([57]) at level two: 
(aia3)(aia3 — 1) /ai(ai — a)\ fa 2 \ /ai(2aia— 1 



2 V 1 - 2a 2 

which is, indeed, correct provided a — a% + a 2 



9.1.4 The first-level term in the case of two free fields with c = 2 

In the case of several fields (did(j))e < ' ai+a2 ^ is no longer a derivative of the exponential primary field. Already 
at the first level one needs to decompose it into several descendant operators. In the case of two fields, r = 2, 
we denote aip(z) — a(j)i(z) + fifaiz). Then 

T(x) ° e s ^ ° = \\ I fWi) 2 (x) + (dfo) 2 (x)) ° ? e (^+^)W g = g e ( Q 1+ /30 2 )(o) o + 

+ -S(a^i+/350 2 )e^ 1+ ^ 2 )(O)o o + ° ( \{d4>i) 2 + J(^ 2 ) 2 + ad 2 ^ + (3d 2 ^ e («*+0*O(O) ° +0(x) 
a; \z 2 / 

(85) 

At the same time, by definition of Virasoro operators L n acting on operators at point z = 0, 

T(x) o° e s *W ° ="£-j^L k ° e 5 H0) g (86) 



(87) 



thus, one obtains 

L n ° e 5<? ° = 0, for n > 0, 

7- o „a0 o a o a$ o ^ o „<30 o 

J^0 o C o — *-*ck,/3 o c o — ' ^ 

L_i S e 5<? S = ° (oS^i + /3a0 2 )e (Q ^ 1+/3 ^ ) ° 

L_ a S e s ^ g = ° Q(00i) a + i (50 2 ) 2 + aa 2 0! + (3d 2 cp^j e <»*+0*O ° 

However, already at the first level one does not obtain the complete basis enough to the decompose arbitrary 
operator g (Ad<j>i + -B<9(/> 2 )e a ^ g, only the particular direction B/A — (3 jot in this two-dimensional space is 
spanned by L_i g e°" t ' g The second vector in the basis, W-\ g e"^ g is produced by the action of the 
operator. Since we consider only the case of two fields, there will be no other ^-operators and we denote it 
simply by W(z). For T4^ 2 ) (z) we already have a special notation: the stress tensor is nothing but (z) — T(z). 

W(z) is cubic in field derivatives d<j){z), and additional requirement is that the most singular term in its 
operator product expansion with T(z) is absent. The stress tensor T(z) is invariant under SO{2) rotations 
of <p, and this rotation freedom should be fixed in order to define W(z) unambiguously. We require that 
this latter is symmetric under 2 — > — </> 2 and, therefore, antisymmetric under <pi — > —<j)\. This means that 
W = (90i ) 3 + hd(j)i(d(j)2) 2 with a single undefined parameter h. The operator product expansion is 

T(z)W(0) = ^±*dM0) + --- ( 88 ) 

and the additional requirement is that the most singular term with z~ A is absent, or, to put it differently, that 
W(z) is a primary of the Virasoro algebra. This defines h to be h = —3, 

W(z) = W {3) (z) = (c)^) 3 - 390i (90 2 ) 2 = d<t>i (W) 2 - 3(90 2 ) 2 ) (89) 

and 

T(z)W(0) = « + ™ + ... (90) 
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so that the conformal dimension of W(z) is 3. 
A counterpart of (f85|) for the M^-operator is 



(93) 



W(x) °o e s ^ 0) g = 3 3/3 ) o° e s *W o° +4 o° Ua 2 - p 2 )d^ - 6apdch)e^ + ^ (0) ° + 

x x V / ^ 

+i g 3(a(90i) 2 - 2/350i90 2 - a(d0 2 ) 2 + (a 2 - f3 2 )d 2 cj) 1 - 2a/3d 2 </> 2 ) e^ 1+/3 « g +0(1) 
Components (harmonics) of the W-operator are defined in direct analogy with the Virasoro generators in : 

W(z) ° e**V °o=J2^+s W >°° e&$ ^ °° (92) 

k 

and, therefore, 

W„ o° e s$ g = 0, for n > 0, 
Wo g e 5 ^ g = w a ,p g e 5 * g = a(a 2 - 3/3 2 ) g e 5<? g 
W_i g e 5<? g = g3((a 2 - /3 2 )<90i - 2a/3^ 2 )e (Q * 1+/3<#,2) g 
W- 2 g e 5<? g = g i(a{d^) 2 - 2pd<h.d<h - a{d(j) 2 ) 2 + (a 2 - /? 2 )9 2 0i - 2a/39 2 2 ) e («*+/»*0 g 
Combining the relevant lines in (|87|) and |93|) . one obtains that at level one 

g dfae^+M g = . / 09 . (6aL_ 1 + iy_ 1 )e^ 1 +^) g 
3(cr — p^) V / 

g d<j> 2 e^+^ g = m J_ p2) (3(a 2 - /3 2 )L_i - a^jeW^) g 
so that the operator which appears at the first level in (|S7|) can be represented as 

(Wax +3 (a 2 -/3 2 )/3 1 ) ^ _ ^ 

3/3(3a 2 - /? 2 ) + 3/3(3a 2 - /3 2 ) 

Therefore, we calculated the first two structure constants in (|68|) . in addition to the trivial one C^ lQ , 2 = 1: 

^ ^6a/3ai + 3(a 2 - /3 2 )p\) 
C " ia ^ = 3/3(3a 2 - /? 2 ) ' (96) 

r o iW _ 1 = ai/3 - a/3i 
3/3(3a 2 - /3 2 ) 

Since we also know the explicit expressions for L_i g e°"^ g and W-i g e Q( ^ g, one can explicitly evaluate the 
three-point functions 

o\ a p a 3 ${l) o o p 5 4 0(oo) o\ / o ( ^f)Z\p S ^ ((\\ ° ° P 5 3<?(1) o o e 5 4 0(oo) 



(94) 



g frdfteM+M g = I ^ oafo „. 2 _^ ~ L -i + m«2°L W -i I o° e<°*+"*> g (95) 



T s33 sAL-i)= ((L_iSe°*(0)S) Se°»*w g ° e ^(oo) o\ i^j (° ( 5 ^) e ^(o) g g e' 



o o 



(aa 3 ) (g e 5<? (0) g g e &3${1) g g e 54<?(oo) 



(97) 



and 



r 553 5 4 (^i)= ((WLiSe^(O)s) g e s ^« g g e 5 ^°°> g) ^ 

(3(a 2 - f3 2 )dfa - 6a/3d0 2 )e 5<? (O) g S e 5 ^ (1) g g e s ^°°) g) = (98) 
= -(3(« 2 - p 2 )a 3 - 6a00s) (g e s<? (0) g g e s ^ g g e 5 ^°°> 



Here we took into account that pairings with an operator at infinity give rise to an extra factor of (0 — oo) 
in denominator and, therefore, can be neglected. Pairings with an operator at Z3 = 1 produce a factor of 
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(z — z 3 ) = — 1, responsible for the minus sign in the both formulas. Thus, 

7aa 3 5 4 (£-i) = -(aa 3 + /3/3 3 ), 



, N (99) 

lss 3 sAW-i) =3^ - (a 2 - 2 )a 3 + 2a/3/3 3 J 



These formulas are in accordance with (|56|) and (I6T|) respectively, and this can serve as a check of those general 
expressions. Indeed, by (|5u| 



(£_i) = A 5 + A 53 - A 54 = i-2 ^ 2 i = a ^ a3 + ai) = _ 5( j 3 (100 ) 



where the selection rule a + a 3 + 0-4 = was used twice. Similarly, by (I6ip 

7aasS4(W_i) ^ 3(-(a 2 -/3 2 )a 3 + 2a/3/3 3 ) ^ ^5 + ™s 3 + + 3((« 2 - /? 3 2 )a - 2a 3 /3 3 ^ , (101) 

The last equality is, indeed, an identity provided a + a 3 + 0:4 = 0. The last bracket at the r.h.s. is a direct 
counterpart of ([98]) for another position of the W-i operator, which can also be explicitly evaluated in the free 
field theory: 

h e s$ (0) g (V_ x g e s ^ {1) g) ° e Sl$(co) s) ^ 
(g e 5 ^(0) g ° (3(a 2 - /3 2 )90! - 6a 3/ 3 3 d0 2 )e 5 ^ (1) g g e 5 ^°°) g) = (102) 

- (3(« 2 - /? 3 2 )a - 6a 3 /3 3 /3) (g e s ^(0) g g e 3 ^ 1 ) g g e 5 ^°°> °) 

Similarly to (|98[) . only the pairings between operators at points z = and z 3 = 1 are contributing. This time 
the derivative is taken w.r.t. z 3 , therefore, there is no overall minus sign. 
Finally, one can combine (|96|) and (|99|) to obtain 



Uaf3ai + 3(a 2 - /? 2 )/3 

C5 1 «- 1 73«3 3 5 4 (i-i) + ^"^^^(W-i) = -(003 + 



3/3(3a 2 - /? 2 ) (103) 



/ 2 2\ \ ^lP — C^Pl 

+3(^ - (a - j3 )a 3 + 2af3f3 3 J ^7^2 _ ^2) = ^ a i a 3 - PiP3 = -ai<33 
identically in a and /3, and in accordance with (|66[) . 
9.1.5 Switching on c 7^ 2 

We do not fully repeat calculation in this case, because it adds nothing new. Of importance are the deformations 
of operators: 

2 ( 104 ) 

W = dfa ((90i) 2 - 3(3<fe) 2 ) - ^ (^i9 2 2 + Mfa&fa) - ^-5 3 <fe 
The central charge is c = 2(1 — 6Q 2 ), and operator product expansion (j9"0|) remains intact. Further, 

T(x) g e^ (0) g = a2+P ^ 2QP °o g +^ o° (5e^) (0) g +|>* g ^ + e s *(* 2 ) g 

(105) 
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so that 



L n ° e°" p ° = 0, for n > 0, 

T O O A O „S$ O _ a 2 + P 2 — 2QP Q &$ o _ & 2 + P 2 — Q 2 o o 

1^0 o o — ^a,/3 o C o — ^ — 2 ot-o 

L-2 o° e s * ° =° Q(9^) 2 + i(90 2 ) 2 + ad 2 4>i + [fi + Q)d 2 ^ e (»*+W g ' ' 0< " 

L 2 : 1 g e s *§ = g(a 2 (a0i) 2 + 2a/?a ( /.ia(/. 2 +/? 2 (90 2 ) 2 + a9 2 0i+/3c' 2 2 )e (Q ^ +W2) § 



Similarly, 



W„ g e 5<? S = 0, for n > 0, 
W ° o e s$0 = w a ^ ° e s * ° = a(a 2 - 3/3 2 + 6Qp - 3Q 2 ) ° e s$ ° = a(a 2 - 3/3 2 ) § e s * ° 
W- X ° e s * ° = °3(V - p 2 + ig/3)90i - \a(Ap - 3Q)c><fe) e^ 1 "^ ° 
W- 2 ° e 3$ ° = ° 3(a(90i) 2 - 2pd<h.d<h - a(c^ 2 ) 2 + (a 2 - p 2 - QP)d 2 dp 1 - a(2/3 - Q)d 2 dp 2 )e {a ^ + ^ 2) ° 



(107) 



It is often convenient to use shifted variables 



P = p-Q 



, where the both eigenvalues are simple: 



A= a2 +^-Q\ W = a{a 2 -W 2 ) (108) 
In this case the selection rule (conservation law) in an n-point correlator of exponentials is 

n n 

on = 0, & = (2 - »)Q (109) 

i=i i=i 

Repeated application of W-operator gives 



WiW-i °o e s$ ° = 9{a 2 + (3 2 - 2QP) (a 2 + (3 2 - 2QP + ° e s$ ° = ^ S e s<? g = S e 5<? 



(110) 

D = 4[a 2 +p 2 ~2Qf3+^-)=8(A Q ^ + ^) (111) 



Here 

L> = 4 ^a 2 + /3 2 - 2Q/3 + - 4 
is a peculiar quantity in the theory of algebraH Next, 

WW-i °o e S$ ° = 3a(a 2 - 3/3 2 + 6Q/3 - 3Q 2 ) ({a 2 ~ p 2 + ^Qp)d(j> 1 - 2a(/3 - ^ 

+18 (a 2 + p 2 - 2QP + {ad(j>i + pdfo) = (wW-i + 



(113) 



where D is the same quantity (jllip that appeared in (| 1 1 0[) . Actually, these relations (jllOp and (|113[) remain 
valid in generic theory with the symmetry: 

W W^ — > u;W_i + — L_i, WiW_! — — L , (H4) 



3 The factor 8 in the definition of D is related to our choice of normalization for a. In alternative normalization, accepted also 
in [21], with a and Q multiplied by \/2 while W and w simultaneously divided by v8, one would get instead of lllll[ l 

D = ^(A-±)+±, x = (l - i^! \ 1 , C = 2 (1-12Q 2 ) (H2) 

In this case the >c-dependent factor is also included into the definition of the operator: W —> ^/kW, so that the eigenvalues 

of the two operators are A = a 2 + /3 2 — Q 2 and w = ^/>ta(a 2 — 3f3 2 ). With this choice D = A when Q = and c = 2. It is also 
natural from the point of view of the AGT relation: in this normalization Q coincides with the parameter e = ei + t2 of Nekrasov 
functions, Q = e. 
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where arrow means that the relation is true, if operators act on a primary. Finally, 



L^W-i ° e a$ ° = i(a{a 2 - (3 2 + -Q/3)(50i) 2 - ((a 2 + /? 2 )/3 - |(3a 2 + /? 2 ))9<M<fe - -a0(4p - 3Q)(90 2 ) 2 + 
+ (a 2 - I3 2 + ^QP)d 2 ^ - ia(4/3 - 3Q)5 2 2 ) e (^+^) ° = d (W-! § e s ^ o ) 

(115) 

and 

\w 2 x ° e 5 ^ ° = (a 2 -I3 2 + Iq^j (a 2 - 1 + 1 + (d^) 2 - 
-f4a/3(a 2 - /3 2 - 1) + Qa(-3a 2 + 5/3 2 + 3) - ^Q 2 a,3) d<h.d<f>2+ 
+ (4a 2 /3 2 -a 2 +[3 2 - Q(3{6a 2 + h + ^Q 2 <* 2 ) (30 2 ) 2 + 

+ (2a(a 2 + /3 2 ) - Qa/3 - jQ 2 a)a 2 <^ + (2/3(a 2 + /3 2 ) - ^Q(a 2 + 7/3 2 ) + ^Q 2 /?) <9 2 <fe 

Evaluation of correlators of these operators with exponentials is straightforward: one simply substitutes field 
derivatives by the corresponding powers of a-parameters from the counterpart exponential. Thus, one can easily 
check that the relations from s[5] are, indeed, correct in the free field model. 



9.2 T vertices, structure constants and Shapovalov matrix 

We now proceed to a discussion of T vertices. This time the check is more tedious: directly defined in the free field 
model are only the structure constants C. They are related to the T vertices through the Shapovalov matrix, 
which is, however, a much better studied and, hence, reliable object. It depends only on the a-parameters 
of intermediate state. Moreover, in the free field model its determinant (Kac determinant) factorizes nicely 
according to the famous rule a = ma+ + na_, which lies in the basis of the screening-operator approach to 
building the CFT conformal blocks. As we mentioned in the Introduction, this subject has a direct relation to 
the AGT conjecture [15], but we leave it beyond the scope of the present discussion. 

Our general formulas for the f-type vertices are related to the structure constants evaluated for the free field 
model in the previous subsection through the Shapovalov matrix Q. Therefore, in order to compare eqs. (|44D . 
(|4*5|) and dH]) with (fTPI . ([52")) and ([9"rJ| . one needs also explicit expressions for Q. Fortunately, this is a simple 
part of the problem: the Shapovalov matrix is rather easy to calculate, if knowing the commutation relations 
for the chiral algebra. 



9.2.1 One field, level one 

This is a very simple case. The matrix is 1 x 1, and its only element is 



(L-iV a \L-{V a ) = {V a \LiL-iV a ) W (v a \(L-iL 1 + 2L )v c ^ W 2A a (V a \V a ) — 2A a H aa — 2A a 

(117) 

Here and in what follows we put H aa = (V a \V a ) — 1, because it appears as a common factor in all formulas. 

Now one combines this with the basic relation (|27|) and with the explicitly evaluated structure constant (|70|) 
in the model of free fields, and obtains that, in this model, 

7aia 2 ;a(i-l) = ^ {L-lV a = — o a , ai+Q2 = a x {ot x + a 2 - 2Q) (118) 

a I 

in perfect agreement with (144p . which predicts for this case 

a=a 1 +a 2 ("i + ol 2 ) 2 - 2Q{cn\ + a 2 ) + a\ - 2Qa x - (a 2 . - 2Qa 2 ) 



ai(ai + a 2 - 2Q) 

(119) 



9.2.2 A check of relation ([43]) 

One can also check in the free-field model the other important relation, ([43]) : 



(V & | V 2 (0)) = (A a - Ax - A 2 ) {V & | ^(1)^(0)) (120) 
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Take Vi = o e Ql0 o and V 2 = ° e a ^ I Then, L^Vx = I a^e^ § = dVy and the operator product expansion 
(fl9|) in this case is simply 



o aidcpe 



a ^(z) ° ° e Q ^(0) ° = z^- 1 (aia 2 S e ( Ql+Q2 ^(0) Q ° +z o a x (l + a ia2 )cVe (ttl+Q2 ^(0) ° + . . .) 



(121) 

Note that the first term at the r.h.s. was originally a\a 2 o e( ai ^W + ° a ^ )) ° and its expansion in powers of z 
makes all the terms in the series non- vanishing and produces a correction to the order- z term as well. Denoting 
also V a — o e a<l> o with a = a\ + a 2 so that L-\V a — a ° <9</>e Q< ^ § one obtains 



(L-iViXz) V 2 (0) = z" 1 " 2 " 1 ai a 2 V a {0) + z 



ai(l + a 1 a 2 ) 
ot\ + a 2 



L-xV a (0) + 



(122) 



and 



(V a | V 2 (0)) =a x a 2 {V & \ V a (Q)) + a ^ 1 + a ^) (y & | L ^V a (Q)) + 



(123) 

ai + a 2 

Since the operators at the r.h.s. are taken at point 0, the matrix elements are those of the Shapovalov matrix, 
which we already know up to level one. Substituting V a and L-\V a for V&, one gets 



(V a | V 2 (0)) = a ia2 S a , ai+a2 , 



(L^V a | (L-MXl) V 2 (0)) = " l(1+ai " 2) (L^xV a | L^V ai+a2 ) 



Jl 1 Tb ai(l + aia 2 ) 



Q'l + Q'2 



oil + cn 2 



2A a S aai -|-Q 2 



the coefficients at the r.h.s. of these formulas being equal to 

(ax + a 2 ) 2 - 2Q(a 1 + a 2 ) + a\ - 2Qu Y +aj- 2Qa 2 



and 



aia 2 = A a - Ai - A 2 = 
ai(l + aia 2 ) 



ai + a 2 
fT25lfcfll9l 



^(ai + a 2 ) 2 — 2Q(ai + a 2 )J = (1 + aia 2 )ai(a?i + a 2 — 2Q) 



(124) 
(125) 

(126) 



(A a + 1 - Ai - A 2 )(A« + A x - A 2 ) = (A a , z ,_ 1 - Ax - A 2 )(A Q + A x - A 2 ) 



respectively, in full accordance with (I120j) . There is a product of two terms in the second line of (|126|) because 
(|120p is a recursive relation: 



(L—tVa | V 2 (0)) °P - A i - A 2 ) (£-iF Q I F!(1)F 2 (0)) = 



gl 



(A,,.!., - Ai - A 2 ) (a q + Ax - A 2 ) (V Q | ^(1)^(0)) 



(127) 



Note that all the signs in these formulas are absolutely essential for the free-field calculation to get through 
this is how we use free fields to validate (l44l) and (l43l). 



9.2.3 One field, level two 

At level two the Shapovalov matrix is of the size 2x2, with the elements 



LUV a 



Lt x V a ) (V a 



L\L\V a ) § (V a 



LiL_iLiL_i + 2L 1 LoL_i)V r Q ) = 



(y Q |(2L 1 L_ 1 A a + 2£iL_ 1 + 2L 1 L_iA a )F a ) IP 8A 2 + 4A Q (V q |k>) = 8A 2 + 4A 



(£_ 2 F a |L_ 2 V Q ) # (F a |L 2 L_ 2 F a ) i (V a 



1 



i_ 2 L 2 + - - 6Q Z + 4L )Va ) = --6Q" + 4A 



(0) 



dHZl i 



(128) 



(L\V a \L_ 2 V a ) = (L_ 2 V a \I?_ x V a ) ^ W 3 (Vyi^^) = 6A Q 

Using this expression and the structure constants generalizing l|82p for c ^ 1, one can calculate the f- vertices: 

J aiar A L -2) =C^ L a - 2 (L_ 2 V a \L_ 2 V a ) + C^}, 1 {L~ 2 V a \L\V a ) = 



a\a 2 



2a(a + Q) - I J \2 



-+4a(a-2Q) 



ai (2ai (a + Q) - 1) \ ( a(a - 2Q) \ _ a x 



2a(2a(a + Q) - 1) 



— (3ai + 2a 2 — 
(129) 
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and 



aia 2 \f 6 a(a-2Q) \ | / ai(2ai(a + Q) - 1) \ Ma - 2Q) ^ a(a ~ 2Q) | ^ . = 



i 2a(a + Q)-ly'V 2 / V 2a(2a(a + Q) - 1) 

= ai(a 2 + aia 2 — 2a^Q + l)(ai + a 2 — 2Q) 

which agree with (|44p predicting in this case 

/ 7 \ * , _ A a a = ai +a 2 (ax + a 2 ) 2 - 2Q(a 1 + a 2 ) + 2a\ - AQai ~ (a\ ~ 2Qa 2 ) 

l ai a2;a{L- 2 ) = A Q + 2Ai - A 2 = 

= y(3ai +2a 2 -6Q) 



(131) 



and 



(132) 



l aia2 -AL\) = (A Q + A 1 -A 2 )(A Q + A 1 -A 2 + 1) Q "^ +Q2 

_ (ai + a 2 f - 2Q( ai + a 2 ) + a\ - 2Qai - (a| - 2Qa 2 ) 

2 X 
(ai + a 2 ) 2 - 2Q(a 1 + a 2 ) + a 2 - 2QQ! - (a| - 2Qa 2 ) 

2 

= ai(a\ + aia 2 - 2a x Q + l)(«i + a 2 - 2Q) 

9.2.4 Two fields, level one 

This time the Shapovalov matrix is also 2x2, but of course very different from (|128|) . Moreover, this time to 
calculate it, one needs commutation relations for the W algebra. The result reads 

2A 3w 

Q= | i (133) 

Sw 9DA/2 

Again, one can calculate the T-vertices using this matrix and generalizing (|96[) for c =/= 2: 

% ia2 -AL-i) = (L^V a \L^V a ) + C^- 1 (L-iV a \W-xV a ) 

-Aol\ol(3 + 3aiaQ - 2{5 x a 2 + 2f3 1 (3 2 - (3iQ(3\ f a(a-2Q) 



-6a 2 (3 + 3a 2 Q + 2/3 3 - Q/3 2 

2(af3 1 -a 1 p) \ . . 2 oo2 , a „ a (134) 



(3a(a 2 - 3/3 2 + 6Q/3 - 3Q 2 )) 



3(-6a 2 /3 + 3a 2 Q + 2/3 3 - Q^ 2 ) ; 

a 2 + i? + a 2 + Pi - a 2 - /3f - 2Q/3 - 2Q& + 2Q/? 2 



, r x cm A ^ A a a=« 1+ a 2 a 2 + /? 2 + aj + - a| - §j - 2Q/3 - 2Q/?i + 2Q/3 2 n „_. 

7aia 2 ;a(^-l) = A Q + Ai - A 2 = {160) 



which agree with ((44 
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At the same time, the second vertex allows one to calculate (V&|(W_iVi)(l) V2(0)). Indeed, from the Shapovalov 
matrix and the structure constants one obtains 

7«ia a ;a(W-l) = {W-iV u \L- X V u ) + C^" 1 (W-lV a \W-lV a ) = 

4a ia p + 3a iaQ - 2fkc? + 2fkfP - fkQfi\ ^ 3/?2 + &Qp 3g2)) + 



9a(a-2Q) ( a(a - 2Q) 



-6a 2 {3 + 3a 2 Q + 2/3 3 - Q(3 2 

2(a/3i - ouP) 
3(-6a 2 f3 + 3a 2 Q + 2f3 3 - Q(3 2 

6a ia 2 ~ 1213x13a - QI3 2 m - 18 ai Q 2 + 15Qa/3i + 2\Qa x (3 



3Q' 



(136) 



3 9 
= w + 2wi — W2 + —a/3iQ — 6aifliQ — &(3(3\a.\ + 9a x f3 1 + —a\(3Q + 3aa\ — 3aJ — 3a(3 2 

3 

= w — W\ — W2 + [3{a\ — 0l)a — 6ai/3i/3) + —Q(a/3i + 8ai/?i + 3a\f3 — 6a x Q) 



Now, using (|39"]l and [pTC]). one gets 



{V&\(W-iVi)(l) V 2 (0)) =3 



(VM1) (W-iV 2 )(0)) =3 



2a 1 f3 1 Q - 2f3f3iai + Saifi 2 + -ai(3Q + aaf - a\ - a(3 2 

{{a\ - f3\)a - 2a x Pip) + %{aj3 x + 8a x /3i + 3a X( 5 - 6a x Q) 



04|ii(i) v 2 (o)) 



04 1 14(1) K 2 (0)) 
(137) 

The latter expression coincides with the T-vertex (V&(0)(W_iVi)(l) V^oo)) in (|102|) at Q = 0. For the special 
state Vi(l), (|181[) one obtains 



(MW-rVxXl) V 2 (0)) =||i-( 



A — Ai — A; 



(^|Vi(l) (W_iV 2 )(0)) =-|g-(A + 



Ai- A- 



(138) 

The first expression is in complete agreement with (|172|) . while the second one again coincides with 
(Va(0)(W_i^i)(l) Vi(po)), see (UZHD- 



9.2.5 Two fields, level two 

In this case the Shapovalov matrix is much more involved: 
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Q«(y,y') 


L- 2 V a 




L-tW-lVa 


W- 2 V a 


w\v a 


L- 2 V a 


4A + 1 - 6Q 2 


6A 


9w 


Gw 


45DA 
2 


L 2 _ x V a 


6A 


4A(2A + 1) 


6w(2A + l) 


I2w 


9(3£>A + 2u; 2 ) 


L-iW^V a 


9w 


6u;(2A + l) 


9(L>A 2 +DA + w 2 ) 


18DA 


27D™ ( 2A + 3) 




6w 


12w 


18DA 


72A (A + 1 - 


108™ (3A + 1 - 


WljV a 


45DA 
2 


9(3DA + 2w 2 ) 


27 ° w (2A + 3) 


108™ (3A + 1 - ^) 


f L> 2 A(2A + 1) + 
162(L>A(A + l)+4w 2 ) 



However, using formulas of s.9.1.5 for the structure constants, one can repeat the calculations of the previous 
subsections in this case too. We do not list the formulas here because of their complexity. 

Note that in a-parametrization the determinant of the Shapovalov matrix (Kac determinant) factorizes, as 
usual: 

det Q = ^ { (4^ 2 - Q 2 ) (0 + Q) 2 - 3a 2 ) ((/3 - Q) 2 - 3a 2 ) }' (2/3 2 + 3Q/3 + Q 2 - l) (2^ 2 - 3Q/3 + Q 2 - l) ■ 
• (4 + 12/3Q 3 + 6f3 3 Q - 6/3Q - 18a 2 /?Q - 15a 2 Q 2 - 12a 2 - 4/3 2 - 4Q 2 - 6a 2 (3 2 + 13/3 2 Q 2 + /3 4 + 4Q 4 + 9a 4 ) • 
(4 - 12/3Q 3 - 6/3 3 Q + 6/3Q + 18a 2 /?Q - 15a 2 Q 2 - 12a 2 - 4/3 2 - 4Q 2 - 6a 2 /3 2 + 13/3 2 Q 2 + /3 4 + 4Q 4 + 9a 4 ) 
See HI] for further details. 



10 Summary for the needs of AGT considerations 
10.1 Collection of recursion relations 

We list here a few concrete expressions from s]8] which are used in [19] and [21] for the study of AGT relations 
[13] between conformal blocks and Nekrasov functions. These are recurrent relations, directly applicable to 
primaries, and should be iterated if applied to descendants. They are different the T- and T-type triple vertices. 
The fields V\, V 2 , V3, V4 are assumed below to be Virasoro and primaries respectively. 



Virasoro sector: 



(L-nVa | V 1 (1)V 2 (0)) # 


^A^ + nAi- A 2 ) 


(v & | ^(i)y 2 (o)), 





n > 



((L_ n V 4 )(0) K 3 (l)K 4 (oo)) ^ (A a + nA 3 - A 4 ) (V & (0) V 3 (l)V 4 (oo)) 



n > 



(139) 
(140) 
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Also useful are 



and 



(V & | V 2 (0)) *W (a* - Ai - A 2 ) (V a | 14(1)14(0)) 



(V*(0) (L-!V a )(l) F 4 (oo)) IP -(A* + A 3 -A 4 ) (V a (0) 7 3 (1) F 4 (oo)) 
The last two relations hold when V\ and V3 are arbitrary operators, not obligatory primaries. 

-operator sector: 



(141) 
(142) 



(W-nVkl^tl) F 2 (0)) ^ (WoFa|y(l) Va(0)) + f " (n + 3) Wl - «, 2 ) V a (0)) 



+n(y a |(W_iVL)(l) y 2 (0)), n>0 



(143) 



((^_„t4)(0) 7 3 (1) V4M> ^ ((WoVa)(0) V 3 (l) V 4 (oo)) 



i(n — 3) 



w 3 + w 4 (V4(0) V 3 (l) Vk(oo)) 



+n (^(0) (W_i7 3 )(l) F 4 (oo)) , n > 



Also of use are the two particular examples where no operators are assumed to be primaries: 



(144) 



(W-iVa|Vi(l) V 2 (0)) = (WoVilViW y 2 (0)) +2(V 4 |(W Vi)(l) ^(0)) - (V s \Vi(l) (W V 2 ){0)) + 

+ (VnKW-MXi) v 2 (o)) + (VfiHWiViXi) v 2 (o)) + (vmi) (WiV 2 )(o)) 



and 



(145) 
(146) 



((W_iV a )(0) V3(l) 14(0)) = (11414(0) ^(1) 14(0)) +(F a (0) (W V 3 )(l) 14(0)) + 

+ 04(0) V 3 (l) (WW 4 )(0)) + (14(0) {W-iV 3 )(l) 14(0)) - (14(0)14(1) (WiF 4 )(0)) 
and two relations, analogous to (|14ip and ()142l) . 

(V 4 |(W_ 2 Vi)(l) V 2 (0)) = (w & w 2 ) {V & \Vx{l) V 2 (0)) - 2 (V & \(W-iVi)(l) 14(0)) (147) 

and 

(14(0) (W4 2 V 3 )(l)F 4 (oo)) =-f*d + ^3 + w 4 ) (F a (0) F 3 (l)F 4 (oo)) -2<Vfe(0) (W_iVs)(l)Vi(°°)) ( 148 ) 



Actually, for evaluation of conformal blocks in [21j one needs particular versions of these formulas. On one hand, 
one needs them only at low levels, n < 2, on the other hand, one needs them adjusted to imposing the speciality 
condition on some of the states (which we choose to be V\ and V3). This condition needs to be imposed on the 
vertex operators, if one wants to unambiguously evaluate all conformal blocks without specifying a conformal 
model. Otherwise, in the theory with the chiral algebra our recursion relations allow one only to reduce 

arbitrary triple vertices to the two sets (V a \ (W* 1 Vi)(l) 14(0)) and (V a (Q) (W^ 1 V 3 )(1) 14(oo)) which are 
arbitrary parameters, depending on the particular model. The speciality condition expresses W_iVi,3 through 
L-1V1.3 and gets rid of the uncertainty for the restricted set of conformal blocks: the m-point conformal blocks 
with m — 2 special external legs are unambiguously dictated by the symmetry. Of course, in the given 

conformal model all the conformal blocks are unambiguously defined, but they are not all dictated by symmetry 
and, therefore, are pretty hard to evaluate - of course, if the model is not that of the free fields. In the remaining 
part of this section we convert the recursion relations (|139[) - (|148[) into the form relevant for [2"T] , 

10.2 f-type vertices (bilinear forms) 
10.2.1 Six simple cases 

Directly from (|139p and (|143[) for three primaries V a , V\, W 2 one obtains 



{L_ x V a I 14(1)14(0)) 



JT391 



A, 



A1-A2) (14 I 14(1)14(0)) 



(149) 



22 



(w_iV |Vi(i) y 2 (o)) °P (t«a + 2«;i-iB2)<K a |Vi(i) y 2 (o)) + (y (i |(VK_ 1 y 1 )(i) v 2 {o)) 



(L_ 2 V a | 7i(l)y 2 (0)) °P (A Q + 2Ai - A 2 ) (V Q | Vi(l)V 2 (0)) 



(W_ 2 Va|^i(l) V2(0)) V (u/a + Stui-waXVilViCL) V 2 (0))+2(V s |(W_iVi)(l) V 2 (0)) 



(150) 
(151) 
(152) 



In two iterations of (|139[) 



(-k-iVk | Vi(l)^ 2 (0)) | ™ ((A Q + 1) + Ai - A 2 ) (L—iV a | ^(1)^(0)) 



(A Q + Ax - A 2 + l) (A Q + Ai - A 2 ) (V a | ^(1)^(0)) , 



(153) 



In two iterations from (|139p and (I150j) 



(L_iW_iV a | Vi(l)y 2 (0)) | °P ((A Q + 1) + Ai - A 2 ) (W_iF Q | ^(1)^(0)) 



JT501 



^ (A a + Ai - A 2 + l) ( (w a + 2wi - w 2 ) (F Q |Fi(l) F 2 (0)) + (V & \(W-iVi){l) F 2 (0)) ) 



(154) 



In the last equality we used the fact that dimension A(W^iV a ) — A Q + 1. Underlined are the T- vertices in the 
answers, which are different from (V Q |Vi(l) V 2 (0)). 

10.2.2 The difficult case: Wl x 

For three primaries V a , Vi, W 2 and for V& — W-%V a it follows immediately from (|145p : 



(W^V a \V!(l) V 2 (0)) 



{W W-iV a \Vi(l) V 2 {0)) +2(W- 1 V a \(W V 1 )(l) V 2 (0)) - (W-xVMl) (w y 2 )(Q)) + 
+ (W_i^ Q |(W_iVi)(l) V 2 (0)) + (W_iV a |(WiVi)(l) V 2 (0)) + (W^V^V^l) {W 1 V 2 )(0)) = 
= (WoW^VMl) V 2 (0)) + (2 Wl -w 2 ) (W-!V a \Vi(l) V 2 (0)) + (WUV^KWliViXl) V 2 (0)) 



(155) 



The first term at the r.h.s. can be handled with the help of (|114[) . while (|150p is directly applicable to the second 
term. To handle the last term, one applies the same (|145[) but with non-primary V\ — * W-\V\ and primary 
V & = V a : 



E5J 



{W- 1 V a \{W- 1 V 1 ){l) V 2 (0)) = 

^° (W V a \W.. 1 V 1 (l) V 2 {0)) +2(V a \(W W- 1 V 1 )(l)V 2 (0)) - {V a \W^xVx{l) {W V 2 ){Q)) 
+ (V^KW*! Vi)(l) V 2 (0)) + (V a |(WiW_iVi)(l) y 2 (0)) + (ValWLiVifl) (WiV 2 )(0)) - 

= (wa-w2)(v a |w_iVi(i) y 2 (o)) + 2(vg(ww-ii / i)(i) v 2 (o)) + (VaKw?! Vi)(i) v 2 (o)) 

+ {V a \(WiW-iVi)(l) V 2 {0)) 

The next step is to substitute 



(156) 



9D 

WqW-i — > u;W_i + — 



(157) 



from (| 1 14[) . Arrows mean that these relations are true, if operators act on primaries, and D was defined in 

dm]). 
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Then one gets from (|155[) with substituted (|156D : 



9D 

(W-i7 a |7i(l) V 2 (0)) = (i-i Valval) 7 2 (0)) + (w a + 2 Wl - w 2 ) (W-iV a \Vi{l) V 2 (0)) + 
+(w a + 2 Wl - w 2 ) (7 a |W_iVi(l) 7 2 (0)) + 9D 1 (V a |(i_iV^)(l) 7 2 (0)> + ^(W^Xl) 7 2 (0)) + (158) 



9£>iA 



i<W(l)^(0)> 



It remains to substitute ()150|) . (|149|) and (|141)l in order to get 

(^^1^(1) y 2 (0)) = (w a + 2w 1 -w 2 )({w a +2w 1 -w 2 ){V a \V 1 {l) V 2 {0))+2 (V a \(W- 1 V 1 )(l) 7 2 (0)) ) + 
9D a 



(a q + Ai — A 2 ) (7 a |7i(l)7 2 (0)) + 9£>i(A Q - Ax - A 2 ) (7 Q |7i(l)7 2 (0)) + 



9L>iA 



1 (7 Q |7(i) 7 2 (o)) + (VaKW-iViXi) 7 2 (o)) 



(159) 



10.3 T-type vertices (linear forms or correlators) 
10.3.1 Six simple cases 

Directly from (|140[) and (|144[) for three primaries V a , 7i, W 2 one obtains 



((£-i7„)(0) 7 3 (l)7 4 (oc)) ™ (A Q + A 3 - A 4 ) (14(0) 7 3 (l)7 4 (oo)) 



(160) 



<(W_i7 Q )(0) 7 3 (1) 7 4 (oo)) = {w a +w 3 +w 4 ) (V a {0) V 3 (l) 7 4 (oo)) + (7 a (0) (W_iV 3 )(l) Vi(oo)), 



((L_ 2 7 a )(0) 7 3 (l)7 4 (oo)) 



ITU 



Aq, + 2A 3 - A 4 (7 Q (0) 7 3 (l)7 4 (oo)) , 



(161) 
(162) 



JT44I 

((W- 2 V a )(Q) 7 3 (1) 7 4 (oc)) = K+™ 3 + ™ 4 )<7 a (Q) 7 3 (1) 7 4 (oo)) + 2<7 Q (0) (T7_ 1 7 3 )(l) 7 4 (oo)), 



In two iterations of (| 140|) : 



(163) 



((£^70(0) 7(1)7(00)) I 9 ((A Q + 1) + A 3 -A 4 ) (L-iK(0) t/ 3 (l)t4(oo)) 



cm 



(A a + A 3 - A 4 + l) (A a + A 3 - A 4 ) (14(0) 7 3 (l)7 4 (oc)) , 



In two iterations of (fT40|) and ([161"]) : 



((£-i^-iy a )(o) y 3 (i)7 4 M)] = ((A« + 1) + A3 -A 4 )(W-iV r o (0) 73(1)^4(00)) 



{T6TJ 



(A a + A 3 - A 4 + l) ( K + ™3 + w 4 ) (7 o (0) 7 3 (1) 7 4 (oo)) + (7 a (0) (W_i7 3 )(l) 7 4 (oo)) ) 



(164) 



Again in the last equality we used A(T7_i7*) = A a + 1. Underlined are the T- vertices in the answers, which 
are different from (7 Q (0) 7i(l) 7 2 (0)). 
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10.3.2 The difficult case: W\ 

For three primaries 14, V\, W2 and for 14 = W-\V a it follows immediately from (| 146p : 



{{w\v a m v 3 (i) v A (fl)) 



™ {{W Q W-xV a ){Q) V 3 (l) V 4 (0)) +<(W_iV a )(0) (W F 3 )(1) 14(0)) +((W- 1 V a )(0) V 3 (l) (WbV 4 )(0)) + 

+ ((W- 1 v a )(o) (w_ 1 y 3 )(i) vi(o)) - ((w^v a )(o) v 3 (i) (w 1 v 4 )(o)) = 
= <(ww-iV Q )(o) v 3 (i) 1/4(0)) + (w 3 + W4 ) ((wuv a )(o) v 3 (i) 1/4(0)) + ((w_iV a )(o) (w^v 3 )(i) 1/4(0)) 

(165) 

The first term at the r.h.s. can be handled with the help of (|114j) . while (|16ip is directly applicable to the 
second term . To handle the last term, one applies the same (TT46"]) but with non-primary V\ —> W—\V\ and 
primary V& = 14: 

((W-iV a )(o) (W-iV a )(i) 1/4(0)) = 
°P (w v a {o) w_ii/ 3 (i) v 4 (o)) + (14(0) (w w^v 3 )(i) Va(o)) + (v a (o) W-iV 3 (i) (w y 4 )(o)) + 

+ {V a (0) (W^iV&Xl) Vi(0)) - (14(0) 1/3(1) (WiVi)(0)) - 

= K + Wi ) (W V a (Q) W-iV s (l) V 4 (0)) + (14(0) (W W^V 3 ){1) 14(0)) + (14(0) (^ 1 y 3 )(i) y 4 (o)) 

(166) 

Note that there is one less term at the r.h.s. than in (|156[) . 
The next step is to substitute 

on on 

WW_i — >wW-i + —L- 1 , W1W-1 — > — L Q (167) 

from (I114p . Then one gets from (|165[) with substituted (|166|) : 

on 

({W^V a ){0) 1/3(1) 14(0)) - (£_iV a (0) 1/3(1) 14(0)) + (tu a + w 3 + w 4 ) ((W^V a )(0) 1/3(1) 14(0)) + 

on 

+ ( Wtt + w 3 + w 4 ) (14(0) W-iV z {l) 14(0)) + -^- (14(0) (L_iV 3 )(l) 14(0)) + (14(0) (W^iV 3 )(l) 14(0)) 

(168) 

It remains to substitute ([1ST]) . ([TED]) and ([Tl^ and get: 

((W^F a )(0) V 3 (l) 14(0)) = 
= (w a +w 3 +w 4 )((w a + w 3 +w 4 ){V a (0) V 3 (l) 14(oo)) +2 (14(0) (W-i^ 3 )(l) ^M) ) + 

+^(A Q + A 3 -A 4 ) (V a (0) l/ 3 (l)y 4 (oo))-^(A 6 + A3-A 4 ) (14)(0) F 3 (l) F 4 (oo)) + 

+ (Vq(0) (WV^Kl) ^4(0)) 

10.4 Restriction to special state 

If Vi and 14 are special states (W/-null vectors at the first level), which satisfy 

W-xVi = ^-L_xV x , W^iV 3 = I^L-iVs (170) 

zAi ^A3 

and 

DiA?=to; > A»A§=u>| (171) 
then underlined correlators are also expressed through (14)|Vi(l) 14(0)) and (14)(0) 14(1) 14(oo))- 



(169) 
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10.4.1 T-type vertices 

Directly from the definition of the special state 



(^1(^^0(1)^(0)) ™ '^-(V^L^V^V^O))^ gl( Aa -A 1 -A 2 ) (W(1)F 2 (0)) 



This expression is easy to substitute into (|150[) . (|152[) and (|154[) . 

In handling the doubly-underlined vertex in (|159D , one needs also to use the commutation relation 



(172) 



(173) 



and the fact that (I14ip remains true for the first descendant W-\V\. Taking both these things into account, 
one obtains 



(vgq^iViXi) vm) ™ |g<M^-i£-iW)%(o)) ™ ||i({y Q |(i_ 1 w_ 1 Vi)(i)y 2 (o)) + 



JT73t 3wi 



(^„|(W_ 2 Fi)(l) Va(0)) 
3wi 



imifcfTm 3wi 

2A 



i- (a q - (Ax + 1) - A 2 ) (F a |(^_ 1 y 1 )(l) y 2 (o)) + 



JT721 3w 



-((«;«- wi-™ 2 ) (14 |Vi(l) V 2 (0)) -2 (T/ a |(VK_ 1 V 1 )(l) T/ 2 (0)) ' 



1 ' 'uj a -wi-wj 2 ) + (A Q - Ai - A 2 - 3^ ' 



2Ai 

Substitution into (I159|) gives 

(W^VMl) V 2 (0))\ = l(w a +2wx-w 2 ) ((w a +2w 1 -w 2 ) + 2^-(A a 



(174) 



Ai-Aj 



9D n 



(A a + Ai - A 2 ) + 9£>i(A a - Ai - A; 



2 + 



9L>iA! 



3wi 
+ 2A 

{ED 



( - 1 

\2A 



l - ({w a -w 1 -w 2 S ) + (A Q -A 1 -A 2 -3)^|i-(A a -A 1 -A 2 )H(F a |F 1 (l) V 2 (0)) = 

j(iu a + 2wi - W2) 2 + ^-^(tOc, + 2w! - w 2 )(A Q - Ai - A 2 ) + (w a -wi - w 2 ) +3wi ) + 
\ 2 

r ( 



A„ - A, -A 2 -3 + 4)(A„ -Aj -A,)+^(A„ +A, - A 2 ) ). (i ;, \\] ( 1 ) r,(())> 



w Q + 2wi - w 2 + (A Q - Ai - A 2 ) j L a + 2wi - w 2 + ( 



A Q - Ai - A 2 + 1 



+ 2|^A a + A 1 -A 2 )j(F a |F 1 (l) F 2 (0)) 



(175) 



Underlined are the two terms, obtained when D\ is expressed through w% and Ai with the help of (|17ip . 
10.4.2 T-type vertices 

Directly from the definition (|1T0[) of the special state 



2A3 



2A ; 



(A a + A 3 - A 4 ) (T4)(0) V&Cl) Vi(c 

(176) 



This expression is easy to substitute into (|161[) . (|163[) and (|164[) . 

In handling the doubly- underlined vertex in (|169D , one needs also to use the commutation relation (|173[) and 
the fact that (|142p remains true for the first descendant W-xVi. Taking both these things into account, one 
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obtains 



(V a (0) {W\Vz){l) VM) ™ ^ (V a (0) (W^L^il) V 4 (0)) ^ '^((V a (0)(L. 1 W- 1 V 3 )(l)V 4 (0)) + 



JT731 3w 3 



(V a (0) (W_ 2 V r 3 )(l) ^ 4 (0)) 
3iu 3 



ITl2l&fTl8l 3w 3 



(a q + (A 3 + 1)- A 4 )(y Q (0) (WLi^ 3 )(l) v*(o)))- 



2A 3 



((t&a + ^3 + «*) (V & (0) V 3 (1)^4(00)) + 2 (y a (0) (W-iy 3 )(l)Vk(oo)) 



= 2Al^r a+W3+W4 J + l AQ + A3 - A4 + 3 J2A7 
Substitution into (|169| gives 



A a + A 3 - A 4 ) j (V & (0) V 3 (l)V A (oo)) 

(177) 



{{W\V a ){Q) V 3 (l) y 4 (0)) I = |K+ W3 + W4 )(K+^3 + W4)-2^ 3 -(A (i + A 3 -A4) 



3w 3 
2A 3 



(w a 



3w 3 
2A 3 



+^ (A Q + A 3 - A 4 ) - ^ (a & + A 3 - A 4 ) + 
+ w 3 + w 4 ) + (A a + A 3 -A 4 + 3)|| 3 -(A a + A 3 - A 4 )J W a (0) V 3 (l) F 4 (oo)) = 
j(iu a + w 3 + w 4 ) 2 - ^(2(wj + w 3 + w 4 )(A a + A 3 - A 4 ) + (tti a + w 3 + w 4 )) + 

) (A Q + A 3 -A 4 + 3 = 2)(A 6 + A 3 -A 4 )+^(A a +A 3 -A 4 )|(y a (0)F 3 (l)F 4 (oo)) 



Jmj 



W Q + W 3 + W 4 



3w 3 
2A 3 



(a q + A 3 - A 4 

+^(a q + a 3 -a 4 )} 



W a + W 3 + W 4 



3w 3 
2A7 



(Aa 



A4 + I 



(V a {0) V 3 (l) 14(oo)) 



(178) 



10.5 The free-field-model test 

One can now perform a final test of these formulas, by checking if (|66|) and (|68|) match for this restricted set 
of states, with the special values of c?id? 3 . For this one should combine our expressions for T, Q and T and 
substituted particular special values for di and a 3 . There are 6 special values for a\ and 6 for q 3 , defined as 
zeroes of the Kac determinant det Q and they are explicitly given by 



dspec = (a,Q± Q/2) or (a, Q ± (aV3 ± Q) 



(179) 



with arbitrary a. Thus, for the 36 combination of special values one gets 36 possibilities for <3i<3 3 to appear in 
([66l> . If Q = there are less: only three possibilities a 4 a 3 = a\a 3 , 4a 4 a 3 , — 2«ia 3 . Actually, for Q ^ also 
not all of the 6 values correspond to the special vectors: the condition 







W_i 



3w Q 
2A7 



L-i V c 



JTTOlfcfTUTt 



»(( 



a z ~f3 z + -Q(3~a— J 
({3 



(180) 



3 

2AV 



3a z 



/3 2 ) ° ((/3-2g)^ 1 -a90 2 )e^ 1 



+/302 o 



is more restrictive: 



(a, Q/2) or (a,±aV3) 



(181) 



leaving only half of the states, and only such additionally restricted special values should be included into the 
checks for Q ^ 0. Evaluation of (f6"B")) is a little more involved. However, it nicely reproduces (|B1)|) in all these 9 
cases, for arbitrary values of Q. This does not prove, but tests the recursion relations, and the test is positive. 
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10.6 Alternative choice of special states 

It is also instructive to look at the case when special are states V 2 and V4. At level one, we can use the 
implications of ([50)) and (f6"2"]) , 

(W-iV a \Vi(l)V 2 (0)) > ^ (2»a +wi- 2w 2 ) (V a \Vi (1)^(0)} > + (14 | Vi (l)W_iV 2 (0)) > ™ 



(182) 



(2 Wq + wi, - 2w 2 ) (^114(1)^(0)) > + |^. (ValVi^L-iV^O)) > 

(2 Wq + Wl - 2™ 2 ) (^114(1)^(0)) > (14|14(l)i-i^ 2 (0)) > 

2 Wtt + - 2w 2 - ^(Aa - Ai - A 2 )J (V a \Vi(l)V 2 (P)) > 
and 

((W_iV a )(0) F 3 (l)F 4 (oo)) > # (2 Wq - W3 + W4 ) (V a (0)V 3 (l)V 4 (oo)) > - (V a (0) V 3 (l) (W_iV 4 )(oo)> > ™ 

= (2w a -w 3 + Wi ) (F a (0)F 3 (l)F 4 (oo)) > -^i (7„(0)7 3 (1) (L_i7 4 )(oo)) > ®^ 

ZA 4 

2u; Q - w 3 + w 4 + |^(A a - A 3 - A 4 ) ) (1^(0)^3(1)14(00)) > 



2A 



4 



(183) 



to get 



Q_ (A a + A x - A 2 )(A Q + A 3 - A 4 ) - 3w Q (A Q + A x - A 2 ) f 2w Q - w 3 + w 4 + ^(A a - A 3 - A 4 ) ) - 



-3w Q ^2w Q + «>! - 2?w 2 - ^(A Q - A x - A 2 )^ (A Q + A 3 - A 4 ) + 
+2A Q (^2w a +wt- 2w 2 - ^(A a - Ar - A 2 )J (^2w Q - W3 + W4 + ^i(A a - A 3 - A 4 ) 
= -18(D a Aa - w 2 a )(a ia3 + /3i/3 3 ) = 9(A»A* - «^)(-25i5 3 ), 

(184) 

provided the free-field-theory selection rules are imposed in addition to the speciality constraints like (|170[) on 
a 2 and a 4 . Eq. (|184p is exactly what is required by the matching condition between ([55)) and ([(3(3]) . 

11 Conclusion 

In this paper we derived and then validated with the help of the free field model a number of formulas for 
universal parts of the triple functions for the Virasoro and algebras. The Virasoro formulas are elementary 
and well-known, their generalization to the VF-algebra is more tedious and the answers are less elegant. These 
formulas are important, among other things, for study of the AGT relations between conformal blocks and 
Nekrasov functions, and we listed a few concrete expressions that are used in [19] and [21] for this purpose. As 
mentioned in the Introduction, if considered at the level of original Nekrasov integrals, the AGT relations look 
very natural in conformal theory, especially from the point of view of the free field approach. They will hopefully 
refresh interest to semi-abandoned studies of conformal blocks and VF-symmetries. Among other things, this 
technical review can serve as an introduction to the CFT part of the subject, which emphasizes some aspects 
of the theory which are important for AGT studies, but not well represented in existing CFT literature. 
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